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Abstract

In this paper we present experimental measurements of buoyancy driven turbulent exchange flow in a vertical pipe
(L/d ratios of 9–12). The flow is driven by an unstable density difference across the ends of the pipe, created using brine
and distilled water. Away from either end, a fully developed region of turbulence exists with a linear density gradient.
Using a mixing length model that accounts for the end effects, we obtain the turbulent scales and flux. The Nusselt num-
ber scales like the square root of the Rayleigh number (Nu � Ra1/2). We give an empirical relation to quantify the end
effects and hence calculate the flux of the salt (NaCl) given the aspect ratio of the pipe and the overall density difference
across it.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

This paper is concerned with turbulent natural con-
vection in a long vertical pipe subject to an unstable den-
sity difference across the two ends. In the present paper
we model the main mechanism that drives the turbulent
flow, validate the model with experimental measure-
ments and extend it to general cases. We discuss the
implications of the model on the behaviour of the flux
described in terms of a Nusselt number.

Fig. 1 shows the schematic of the flow. The pipe is
connected by two tanks, with the top tank fluid having
higher density than the bottom tank fluid. The two fluids
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are miscible. The incompressibility of the fluids implies
that the cross section average of the axial velocity at
any instant was zero. This type of flow—where the net
flow is zero—is termed �exchange flow� [1,2].

Most of the earlier work on exchange flow [1,2] has
been in the context of the fire safety of buildings. Two
types of studies have been done of flow through vent(s)
connecting two enclosures, one above the other. One is
flow due to the combined action of pressure and density
differences across the vent, for example, as discussed in
Tan and Jaluria [2], and the other type is due to density
difference alone, for example as studied in Epstein [1].
The present flow is related to the latter type. Epstein [1]
experimentally studied the buoyancy driven exchange
(counter-current) flow through single or multiple open-
ings with both square and circular cross sections in hor-
izontal partitions, using brine above the partition and
fresh water below the partition. The openings were tubes,
ed.
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Fig. 1. Flow schematic, and a typical instantaneous axial
velocity profile. The axial velocity averages to zero over the
cross section at any given instant. The averages at any point
over time of the velocities are zero as well.
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projecting into the enclosures. The L/d ratios of the tubes
were in the range 0.01–10. With a single opening, four
different flow regimes were identified as L/d and Dq were
changed: a regime where an oscillatory exchange flow
takes place which could be approximately explained by
a linearized Taylor-wave theory (regime I), a Bernoulli
flow regime where the dynamics is well explained by an
inviscid exchange flow model by the application of the
Bernoulli theorem [3] (regime II), and at the largest L/d
ratios the exchange can be explained by turbulent diffu-
sion, after Gardener [4] (regime IV). The combined
effects of turbulent diffusion and Bernoulli flow are ob-
served in regime III, which is modeled as Bernoulli type
of flow at the ends of the tube and as a turbulent diffusion
at the center of the tube. The peak mixing rate occurs in
regime III. A different behaviour at each opening was
observed when multiple openings were present. The anal-
ysis of this paper covers regimes III and IV.

Arakeri et al. [5] have studied the exchange flow in
vertical pipes. The flow is driven by density difference
across the pipe created using brine and fresh water. In
different experiments, various combinations of pipe
diameter and length are used to get a range of Rayleigh
number Ra = g(Dq/q0L)d

4/ma from about 105 to 108.
Using flow visualization, they identified four types of
flow as a function of the Rayleigh number. At low Ray-
leigh numbers the flow is laminar, half-and-half (up and
down flowing fluids are side by side). As the Rayleigh
number is increased, a helical structure is observed, with
the up and down-flowing fluids now forming a double
helix. At still higher Rayleigh numbers the flow becomes
unsteady, but still remains laminar. Finally beyond
about Ra = 107, the flow was seen to be turbulent with
a range of scales. They measured the average salt
concentration in the top tank as a function of time
and related the rate of change of the average concentra-
tion to the average flux of the salt in the pipe. For the
turbulent flow, they developed a mixing length model
with the length as the diameter of the pipe. In the turbu-
lent case, the measured flux scaled like Dq3/2 as predicted
by the model. The laminar flux was higher than the tur-
bulent flux. The convoluted paths in the turbulent flow
taken by the fluids from either tank while flowing past
each other and the mixing results in the lower flux in
the turbulent case.

In the present study, we consider only the turbulent
exchange flow which occurs at Ra > 1 · 108. We concen-
trate on flux scaling for the exchange turbulent flow in
large AR vertical pipes; the detailed structure of the tur-
bulence is described in Cholemari [6]. We include in the
analysis the effects of the developing flow at the pipe
ends. We report experiments measuring both the density
and the velocity fluctuations.

The aspect ratio AR (length-to-diameter ratio, L/d)
of the tube was between 9 and 12. We used brine and
distilled water for creating the density difference. The ra-
tio of the diffusivities of momentum and salt, given by
the Schmidt number, Sc = m/a, is about 670, with m
and a being the kinematic viscosity of water and the dif-
fusivity of salt respectively. The Rayleigh number,
Ra = g(Dq/q0L)d

4/ma, was of the order of 108, where
Dq is the density difference between the top and the bot-
tom tanks, q0 is the density of water and g is the accel-
eration due to gravity. This definition of Ra involving
L and d is appropriate for this problem.

For the turbulent flow we found that the time means
of the axial and lateral components of the velocities at
each point were zero [6]. Thus there is no mean flow
and no mean shear which implies that turbulence pro-
duction is only due to buoyancy and none due to shear.
Away from the ends of the pipe the turbulence was fully
developed, or homogeneous in the axial direction. In
particular, it can be shown that in the fully developed re-
gion the gradient of density is linear. The flow is driven
by a linear unstable density gradient.

The rest of the paper is organized as follows. In Sec-
tion 2 we describe the experiments conducted. Next (Sec-
tion 3) we describe the modeling of the turbulence using
the mixing length type arguments. Using experimental
data we then extend the model to include the effects of
the ends, and determine the prefactor in case of the flux
scaling. We discuss the flow in relation with the Ray-
leigh–Bénard convection and conclude.
2. Experiments

Experiments were done to produce turbulent convec-
tion in long vertical glass pipes, and measure the flow
characteristics. We visualized the flow and measured
the velocities in the mid-section of the pipe, and the
overall flux of salt within the pipe.
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The setup (Fig. 2) essentially was a 50 mm diameter
glass pipe connecting two tanks TT (Top) and BT
(Bottom). The flow is visualized through a rectangular
water filled glass tank surrounding the pipe to minimize
refraction errors. To prevent stratification in the tanks,
Fig. 2. Schematic of the experimental set-up; see text for
notation.

Fig. 3. (a) Particle streak image at Ra � 2.5 · 108 and (b) Fluorescenc
be random and to consist of a range of velocity scales (as seen in a rang
variation of image brightness in (b)). The area visualized is 50 mm · 50
images.
the fluid in each tank is continuously mixed. A small
aquarium pump P circulated the fluid in each tank; hea-
vier fluid was withdrawn from the bottom of the tank
and re-introduced near the top of the tank through per-
forated pipes (PP). The fluid coming out of PP mixes
with the surrounding fluid as it flows down, preventing
stratification with minimal disturbance to the flow.
The continuous mixing of fluids in the two tanks
gives a well defined boundary condition at the two pipe
ends.

Initially the top tank contains brine while the bottom
tank and the pipe contain distilled water. A stopper sep-
arates the two fluids; the experiment is initiated by
removing the stopper. Once the experiment is started,
the fluids from the two tanks mix due to the flow in
the pipe, continuously reducing the density difference.
The flow thus slowly decays. Typical experiments lasted
about three hours, but the flow was turbulent only for
about the first 100 min. In our experiments the values
of Ra varied from 5 · 108 down to 5 · 107. However
the flow was turbulent for Ra larger than 1 · 108. The
data considered for this paper is from the turbulent
regime.

The flow visualizations (Fig. 3) indicate the flow to be
random and three dimensional, with a high rate of mix-
ing. The flow images are from the central homogeneous
region, and are visualized with a 1.4 mm thick laser
sheet. The process within the pipe is one of overturning
and mixing and there is no mean flow. As mentioned
above, the mean shear is thus negligible and buoyancy
is the only source of turbulent kinetic energy. The
pipe wall just contains the flow and has no role in the
production of turbulence. The images also show the flow
e dye visualization at Ra � 1 · 108. The images show the flow to
e of streak lengths in (a)) and concentration scales (shown by the
mm in (a) and 50 mm · 67 mm in (b). The pipe is vertical in the



Table 1
Specifications of diagnostics used in the experiments

Technique Spatial
results

Temporal
results

Dynamic
range

Error

PIV 1.6/3.2
mma

1 s 1–50
mm/s

�0.5
mm/s

Probe NA 40 s 1.2–13.3
g/l

0.1%
FSD

a 1.6 mm with 50% overlap.
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Fig. 4. Plot of the measured salt flux versus the salt concen-
tration difference. Flux versus time is shown in the inset.
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to consist of a range of velocity and concentration
scales.

We measured velocities at the middle of the pipe in
the axial plane using planar Particle Image Velocimetry
(PIV) and the salt concentration in the top tank using a
conductivity probe (ORION SENSORLINK, model
PCM100). Pipes of aspect ratios 9, 12 and 15 were used
in the salt concentration experiments, while the velocity
measurements were done with the AR = 9 pipe. The ini-
tial concentration of salt in the top tank was always
10 kg/m3, corresponding to an Atwood number At =
(qT � qB)/(qT + qB) = 0.0035. Table 1 gives the sum-
mary of the diagnostics. The details of the experiments
are in Cholemari [6].

Knowing the rate of variation with time of the salt
concentration in the top tank, we can calculate the con-
centration difference DC and the flux of the salt concen-
tration F using an integral balance of the mass of the salt
within the pipe;

CBðtÞ ¼
MS � CTðtÞðV T þ V P=2Þ

V P=2þ V B

ð1Þ

DCðtÞ ¼ CT � CB ¼ CTðtÞðV T þ V B þ V P Þ �MS

V P=2þ V B

ð2Þ

F ¼ q0V T dCT=dt ð3Þ

In the above, CT and CB are the top and bottom tank
concentrations and DC the concentration difference; VT,
VB and VP refer to the volumes of the top and bottom
tanks and the pipe, respectively; AP is the cross sectional
area of the pipe and MS is the total mass of the salt in
the set up. The concentrations are related to the density
by,

oq
oC

¼ q0b

Dq ¼ q0bDC

q ¼ q0 þ Dq ¼ q0 þ q0bDC ð4Þ

where q0 is the density of water and b = 0.72 for the salt
concentration range encountered in the experiments. Dq
is the density difference between the top and bottom
tank fluids.

Fig. 4 gives the flux of salt against the concentration
difference. The inset gives the variation with time of the
average top tank concentration. It is seen that the over-
all variation of the flow is slow. Typically an experiment
lasts for about 100 min. The flow could thus be consid-
ered quasi-steady for periods of a few minutes.
3. Model

We now show that the fully developed turbulence in
the central region can be described in terms of a single
length scale, the diameter of the pipe. The flux of salt,
the fluctuations of velocity and the salt concentration
are given by this description to within prefactors. The
flow at the pipe ends is expected to be different. We
extend the mixing length arguments to include the end
effects. This enables us to obtain the prefactor in the flux
relation as well as to give a relation for the salt flux in
terms of the aspect ratio, the overall density difference
between the two tanks and the pipe diameter.

For a long enough pipe (L/d� 1), away from the
two ends the flow must be homogeneous in the axial
direction with a linear density gradient. The present flow
may be compared with the fully developed pressure dri-
ven pipe flow. In the latter, the flow is homogeneous
(away from the entrance) in the axial direction and dri-
ven by a linear pressure gradient; in the present flow, the
homogeneous flow is driven by a linear (unstable) den-
sity gradient.

First we consider the central homogeneous region.
The only relevant parameters are the pipe diameter, d,
the density gradient, dq/dz, g, m and a. The two molecu-
lar parameters m and a are not relevant for a turbulent
flow. Then dimensional analysis gives the scales for den-
sity fluctuations q 0, velocity fluctuations w 0 and salt flux
�a oC

oz � hwci ’ �hwci as
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w0 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðoq=ozÞd2=q0

q
¼ wm ð5Þ

q0 � ðoq=ozÞd ¼ qm ð6Þ
wmqm

bq0

¼ F m ð7Þ

where wm, qm and Fm are the mixing length scalings for
the fluctuations of velocity and density and the flux of
salt respectively. Thus we may write the flux F as

F ¼ CmF m ¼ Cm

ffiffiffiffiffiffiffiffiffiffi
g=q0

p
oq=ozð Þ3=2d2

bq0

. ð8Þ

The constant Cm needs to be determined from the
experiments.

Physically, the scales may be interpreted as follows. A
coherent region of fluid (a fluid particle) scales with the
pipe diameter in the fully developed region. The velocity
scale can be can be thought as a �free fall� velocity of the
fluid particle heavier (or lighter) than the surrounding
fluid by an amount q 0 falling (or rising) through a dis-
tance d, i.e., the length over which the correlation exists.

There would be a development region near the pipe
ends with non-linear density gradient (Fig. 5) where
the distance from the pipe ends would become important
in addition to the pipe diameter. Because of the non-lin-
ear density gradient, the (unknown) linear density gradi-
ent at the central region would be different from Dq/L
(i.e., oq/oz 5 Dq/L).

The parameters relevant to the end regions are Le, the
extent of end region, and Dqe, the density drop at the
ends (see Fig. 5). For a turbulent flow these parameters
depend only on the flux and the diameter, as the molec-
ular parameters are not important. The flux is the same
throughout the pipe. From (8) we see that flux depends
on (oq/o z) and d. Thus Dqe and Le are the functions of
the parameters at the central region, viz. oq/oz and d.
Thus, from dimensional analysis
Fig. 5. Schematic of the end regions. The density drops by Dqe
over a distance Le. The density variation is non-linear.
Dqe ¼ kq
oq
oz

d;

Le ¼ kLd. ð9Þ

Thus,

oq
oz

Dq=L
¼ 1� 2Le=L

1� 2Dqe=Dq

� �
¼ 1

1þ 2ðkq � kLÞ=AR
. ð10Þ

The flux is then given by

F ¼ Cm
ðg=q0Þ

1=2d2

bq0

oq
oz

� �3=2

¼ Cr
ðg=q0Þ

1=2d2

bq0

Dq
L

� �3=2

; ð11Þ

with,

Cr ¼
Cm

1þ 2ðkq � kLÞ=AR
� �3=2 . ð12Þ

In the limit of large AR, the entry regions become
negligible in comparison with the length of the tube
and Cr ! Cm. Fig. 6(a) shows the experimentally ob-
tained values of Cr in the experiments of [1,5,7]. Also
shown is the fit for the data for AR > 3, where a fully
developed region is expected to exist at the center,
shown as filled symbols. The fit constants are

Cm ¼ 0.88 ð13Þ

and

kq � kL ¼ 2.1. ð14Þ

With these values, (12) becomes,

Cr ¼
0.88

1þ 4.2=ARð Þ3=2
. ð15Þ

The fit extended towards smaller AR is shown as the
dashed line. It compares quite well with the experimental
data even at small AR where the assumption of the exis-
tence of a central homogeneous region will not be valid.
Velocity measurements near the ends indicate that there
is a development region of about one diameter and so we
can take kL = 1 which implies kq = 3.1, which means
that the density drop at the pipe ends is about three
times the density drop over one diameter length in the
central region. The presence of the end regions reduces
the linear density gradient in the centre of the pipe and
hence the flux. It follows from Eqs. (9) and (10)

Dqe

Dq
¼ kq

ARþ 2ðkq � kLÞ
;

Le

L
¼ kL

AR
ð16Þ

These parameters are plotted in Fig. 6(b). It is seen that
by about AR = 10, the end regions extend only to about
10% of the pipe length at each end, but they account for
about 40% of the total density drop across the pipe.
These reduce to respectively 5% and 25% by AR = 20.
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Cm, the mixing length prefactor, is expected to be
independent of the specific conditions of the flow, like
AR, Dq/q0, etc., and is expected to hold when the condi-
tions of a single length scale and the linear density gra-
dient are met.

To compare Eq. (15) with the results of Epstein [1],
we note that, Eq. (22) in that paper, when written similar
to Eq. (11), shows

Cr0 ¼
4=p� 0.093

AR�3 þ 0.084 1� 0.4=ARð Þ3
h i1=2 . ð17Þ

The mixing length prefactor calculated from (17) in the
limit of large AR, Cr0 ! Cm0 ¼ 4=pð0.093=

ffiffiffiffiffiffiffiffiffiffiffi
0.084

p
Þ ¼

0.41. We surmise that the data leading to Eq. (22) in Ep-
stein consists in part of non-turbulent data, leading to
the deviation from (13).

The flux relation (11) written in terms of the Nusselt
number (the non-dimensional flux), and the Reynolds
number using w 0 (�wm) and d have the following sca-
lings with the Rayleigh number:

Nu ¼ �< flux >
aDC=L

¼ CrRa1=2Sc
1=2; ð18Þ

Re ¼ w0d
m

� Ra1=2Sc�1=2. ð19Þ

Note also that Nu ! CmRa
1/2Sc1/2 for very large AR,

which is another way of looking at Eq. (18) when the
Nusselt number is defined using the density difference
over a certain length say, one diameter, in the linear gra-
dient region.

Fig. 7(a) compares the rms velocities obtained from
PIV measurements to the velocity scale obtained from
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the model using the density measurements (Eqs. (5) and
(4)) in the top tank. Here the average of the RMS veloc-
ity calculated over every 10 min over the pipe cross sec-
tion area is plotted with time. It is seen that the scaling is
good for the regime under consideration, both the axial
and lateral velocities following the mixing length scaling
wm. However beyond about 100 min when the flow is no
longer turbulent, the agreement is poor. Fig. 7(b) shows
the turbulent flux normalized with the flux obtained
from the model (Eq. (11)). The value is constant and
within 10% of unity for an extended range of the Ray-
leigh number. However, at lower Rayleigh numbers be-
low 1 · 108, the turbulent scaling is not appropriate and
the normalized fluxes rise sharply above unity. The flow
is not turbulent for Ra < 2 · 108.

The overall uncertainty in the measured flux scaling
is obtained from Eq. (8) as

�F
F

¼ 3

2

�Dq
Dq

. ð20Þ

The worst case is at the smallest density differences,
where the error is about 1.5% (see Table 1).

The Nusselt number relation (18) is of the same form
as the theoretical expression of Kraichnan [8], for
Rayleigh–Bénard (R–B) convection at very high
Rayleigh numbers of the order of 1018, where the flow
mechanics is expected to be dominated by the processes
in the bulk of the flow, away from the walls. However,
no experimental evidence for the Ra1/2 regime is seen
in R–B convection, even at very high Rayleigh numbers
of about 1017 achieved so far in the experiments [9]. An
important difference between the two types of flows is
that, in R–B convection, even at high Rayleigh numbers,
boundary layers exist near the two horizontal walls and
have an effect on the flow, whereas in the present flow
boundary layers are absent.

It can be shown that the flux obtained for a given
density difference in the present flow is much higher than
the flux in R–B convection at the same density differ-
ence. To do this, we first obtain the prefactor in Eq.
(18) to be 0.0752 at unit aspect ratio (as we want to com-
pare with R–B convection which is at about unit aspect
ratio or lower) using Eq. (12). Nusselt number at
Ra = 108 and Sc = 670 then turns out to be �1950. To
obtain a similar estimate in case of R–B convection,
we use the experimental correlation of Globe and Drop-
kin [10], Nu � 0.097Ra1/3. This is for a Prandtl number
of 100, but we assume its validity for Pr = 670 and esti-
mate the Nusselt number at the same Rayleigh number
to be much smaller, �45.
4. Conclusion

In this paper we have described a purely buoyancy
driven turbulent flow in long vertical pipes, with a fully
developed region of turbulence with an unstable linear
density gradient. Using a mixing length theory and
dimensional arguments, we have developed a relation
for the flux in the present turbulent convection. The
analysis includes the effects of the ends. Experimental re-
sults have been used to validate the predicted scaling and
to obtain values of the constants in the flux relations.
Eq. (11) with Cr determined empirically in (15) is the
relation for the flux. The flux is a function of the concen-
tration difference, the pipe length and the aspect ratio.
The scaling relations for the velocity fluctuations are
well predicted by the model (Eq. (5) and Fig. 7(a)). This
is of use in design practice, for example, when air fluxes
need to be calculated across a staircase connecting
rooms with different temperatures.

The mixing length model implies the Nusselt number
to scale as �Ra1/2, in contrast to R–B convection for
similar Rayleigh numbers as in the present flow, where
it goes like �Ran, with 2/7 < n < 1/3. The absence of
the top and bottom horizontal walls and the associated
boundary layers in the present flow mainly accounts for
this large difference.
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